Exploring Einstein's theories of relativity in quantum systems, for example by using atomic clocks at high speeds can deepen our knowledge in physics. However, many challenges still remain on finding novel methods for detecting effects of gravity and of special relativity and their roles in light-matter interaction. Here we introduce a scheme of x-ray quantum optics that allows for a millimeter scale investigation of the relativistic redshift by directly probing a fixed nuclear crystal in Earth's gravitational field with x-rays. Alternatively, a compact rotating crystal can be used to force interacting x-rays to experience inhomogeneous clock tick rates in a crystal. We find that an association of gravitational or special-relativistic time dilation with quantum interference will be manifested by deflections of x-ray photons. Our protocol suggests a new and feasible tabletop solution for probing effects of gravity and special relativity in the quantum world.
Modern x-ray science [1] [2] [3] [4] opens an entirely new era of quantum optics [5] . The vast and unexplored land of x-ray quantum optics [5] [6] [7] [8] provides many possibilities for both fundamental research [9] [10] [11] and applications [8, 12, 13] . In particular, studies of the interaction between x-rays and nuclear condensed matter systems lead to novel control of x-ray photons [8, 10, 12, 14] . Furthermore, the well-known PoundRebka experiment [6] shows that the Mössbauer effect is remarkably useful for the testing gravitational redshift [16, 17] by detecting the influence of Earth's gravity on propagating xrays. Another result was obtained with a rotating nuclear crystal [18] , demonstrating that the interaction between x-rays and nuclei is also useful for testing special relativity. Therefore, xray quantum optics with nuclei may offer a new access to the exploration of gravity and special relativity in quantum systems. The gravitational redshift indicates that clocks at high altitudes run faster than those at sea level under the influence of Earth's gravity [19] . Also, according to special relativity, a moving clock ticks at a slower rate than a fixed one in an observer's rest frame [20, 21] . Thus, within a crystal, identical particles at different lattice sites form an array of clocks which tick at inhomogeneous rates, when they are influenced by gravity or by time dilation of an inhomogeneous motion. This opens the question of how this compact configuration affects the quantum mechanical coherence of such a crystal.
Here, we investigate a scenario that manifests distinct deflections of a single photon under the action of gravity or special relativity and quantum interference. Considering longlived nuclear states, one could shine an x-ray on a thin nuclear crystal to create a collective excitation that is simultaneously perturbed by relativistic time dilatation. Since the excitation is delocalized over the whole ensemble of nuclei [2, 9, 22] , it evolves with an inhomogeneous rate caused by Earth's gravity. We find that the inhomogeneous evolution of a delocalized excitation causes a deflection of the reemitted single photon. This time-dependent deflection suggests that the photon trajectory can be influenced by Earth's gravity even though it was stored as a stationary quantum excitation in a crystal. An analogue with slow light propagation of about 100 m/s in media proposes a light deflection of around 10 −9 degrees [13], * Electronic address: wen-te.liao@mpi-hd.mpg.de being challenging for detections in the optical domain. A quantum collective excitation occurs when a single photon is absorbed by a collection of N particles. This single photon is then shared by N particles, that leads to a delocalized collective excitation state as depicted in 
Here |g |e denotes that particle at position r is in its excited state |e , while the other N − 1 particles remain in the Superradiant single photon. a, An incident single photon with wave vector k0 is absorbed and shared by an ensemble of two-level quantum particles. Without knowing which one is excited, a collective excitation, which is a superposition of all possibilities, will form. The decay of such a delocalized collective excitation will be followed by a directional emission of a single photon along the incident k0. This coherently reemitted photon is called superradiant single photon. Yellow (red) dots illustrate particles in the ground (excited) state, and red arrows depict both the incident and the reemitted single photon. b, A collective excitation is created in a collection of two-level particles while a particle is excited from its ground level |g to a higher energy level |e by absorbing a single photon with wave vector k0. c, A superradiant single photon is deflected by a gradient perturbation depicted by the brown upward arrow. φ is the deflection angle between incident wave vector k0 and deflected wave vector kS.
ground state |g as illustrated in Fig. S1 b. The excitation energy of particle is ω , where is the reduced Planck constant. Furthermore, ν k0 and k 0 are the angular frequency and wave vector of the incident single photon, respectively. As a result of quantum interference between the emission from each crystal site, a directional reemission of a single photon, namely, superradiance, follows the decay of state |E along the direction k 0 of an incident photon [9] . The directional superadiance is routinely observed in nuclear forward scattering of x-rays [9] using a nuclear solid-state crystal that is typically few microns thick and few millimeters in diameter [2, 14] . These tiny dimensions therefore give the upper bound of the spatial scale where relativistic effects could be probed by our scheme.
A gradient perturbation, as depicted in Fig. S1 c, can be utilized to control the direction of superadiance. As some external gradient perturbation is applied to the whole ensemble [5, 24] , the originally constant ω becomes inhomogeneous ω ( R + r ), where R is the position of the ensemble relative to the origin of the perturbation and r is the particle position in the ensemble coordinate. Assuming that the ensemble size is much smaller than | R|, one can use the Taylor expansion ω ( R + r ) ω ( R) + ∇ω ( R) · r . By substituting the expanded ω ( R + r ) into equation (1), the collective excitation state becomes (see Methods and Supplementary Information)
where the new time-dependent wave vector k S (t) = k 0 − t∇ω ( R) indicates the deflection of superadiance. If k 0 and ∇ω ( R) are perpendicular to each other, the deflection angle φ(t) between k 0 and k S (t) can be written as
In what follows, we show that the above superradiant deflection described by equations (2-3) may be introduced by Earth's gravity and by the time dilation of special relativity in a rotating system. The considered system on the surface of the Earth is depicted in Fig. 2 . Trains of monochromatic x-ray synchrotron radiation pulses or single x-ray photons resonant to a nuclear transition impinge on the crystal along the red arrow [2] . The x-ray pulses are spaced at intervals of the coherence time τ coh defined by, e.g., the lifetime of a nuclear excited state. Each weak synchrotron radiation pulse or single x-ray photon mostly excites a single nucleus in a crystal and so creates the above collective excitation state |E defined by Eq. (2) [2, 9, 12, 14] . Because of gravity, particles at various crystal sites evolve differently in time, depending on their position. The gravitational redshift deduced from the Schwarzschild metric gives |∇ω ( R)| = ω × 1.09 × 10 −16 /m on Earth's surface, which is well consistent with the experimental redshift found by Pound and Rebka [6] . Because of this inhomogeneous quantum phase evolution, the superradiant photons are reemitted along the blue arrow in Fig. 2 a and deflected by a time-dependent angle (see Supplementary Information):
where G is the gravitational constant, M E is the mass of the Earth and r E is the Earth's radius. Since gravity is a weak force, the resulting angular deflection velocity is ∂ t φ g ≈ 1.9 × 10 −6 degree/s, such that one needs τ coh > 0.5 s to observe a resolvable deflection angle of 10 −6 degrees with modern x-ray optics. As listed in Table I , some candidate transitions of nuclei, e.g., 45 Sc, 109 Ag and 182 Ta, already give large enough φ g to be observed. This gravitational deflection depends on the strength of gravity and can be observed more significantly in the vicinity of astronomical objects like neutron stars or black holes. For instance, if the Earth was compressed to a compact size of 1.3 km in diameter, ∂ t φ g would speed up to about 180 degree/s. In what follows, we show that such strong deflection can be achieved by an inhomogeneous time dilatation of special relativity.
We turn to the realization of a larger deflection of superradiance by a fast rotating crystal as demonstrated in Fig. 3 . An inomogeneous clock tick rate in a crystal caused by time dilation of special relativity mimics the time gradient of a gravitational field [18] . A nuclear crystal is fixed on a rotor with a rotating angular frequency Λ and a radius R. As the whole system rotates, a particle at site r of the crystal moves at velocity | V (r )| = Λ(R + r ), as illustrated in Fig. 3 b. According to special relativity [18] , the transition angular frequency of a particle at site r of a crystal becomes
2 , and therefore a spatial gradient of ω points in the radial direction of the rotor in this configuration. Here, ω 0 is the transition angular frequency of a particle in its rest frame. For creating a collective excitation in a rotating crystal as depicted in Fig. 3 , the crystal is also illuminated by a train of x-rays spaced by τ coh along the red arrow. Subsequently, single x-ray photons scattered off the crystal are registered by a position-sensitive detector along the blue arrow in Fig. 3 a with a time-dependent deflection angle 0.18
FIG. 2:
Gravitational deflection of x-ray superradiance. a, Earth's gravity deflects the superradiant single x-ray photon from its incident direction with a time-dependent angle φg. The green cuboid depicts a fixed nuclear crystal in a gravitational field of the Earth, the red (blue) arrow represents the incident (reemitted) single photon and yellow horizontal bars illustrate the count numbers at different positions of a position-sensitive detector. b, Influence of gravity on proper time: Clocks closer to the earth run slower. The same happens to fixed nuclei (yellow dots) in a crystal (depicted by the green rectangle). Earth, crystal size and clock ticks are not on scale.
FIG. 3:
X-ray superradiance under the influence of special relativity. a, X-ray photon deflection by time dilation of special relativity, where the crystal (green cuboid) is attached to a rotor with radius R and is subject to a rotation with angular frequency Λ. Under the influence of the inhomogeneous relativistic time dilation, the incident single x-ray photon (red arrow) is bent along the blue arrow with a time-dependent angle φc and time-dependent reemission probability (yellow bars on the position-sensitive detector). The red circle on the detector illustrates the trajectory of the registered signals without considering the inhomogeneous relativistic time dilation. b, According to the time dilation effect, the tick rate of the proper time of each nucleus at different radii r depends on the local velocity | V (r)| = Λr within a crystal. Also, green arrows illustrate local velocities of nuclei (yellow dots) at different sites of a rotating crystal (green rectangle).
(see Supplementary Information):
A rotor with a radius of 5 mm and rotation frequency of 70 kHz, previously used in the so-called nuclear lighthouse effect [2] , allows for an angular velocity ∂ t φ c ≈ 185 degree/s, yielding distinct deflection angles with the need of only τ coh > 10 ns. As demonstrated in Table I , many nuclear transitions, e.g., 57 Fe and 67 Zn, are suitable for that purpose. Remarkably, some transitions with τ coh > 0.31 s may even allow φ c = 90 degrees and deliver an unmistakable signature of relativistic deflections. We emphasize that the key parameter for the present effect is the coherence time of an interacting transition with photons. Moreover, a semiclassical analysis shows that the deflection angle can be enhanced by a factor of optical depth (see Supplementary Information), and so using an optically dense crystal may result in larger deflections.
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The central purpose of this supplemental material is to show the deflection of scattered photons off an ensemble of particles caused by the Earth's gravity or by an inhomogeneous time dilation of special relativity. As illustrated in Fig. 1 and Fig. 2 , a train of single photons impinges on the target to initially create the collective excitation state expressed by Eq. (S1). A series of scattered single photons will then follow the coherent decay of the exciton and be registered by a position-sensitive detector. Let's begin with the description of our system. The collective excitation state of N particles in the cylindrical coordinate can be written as [S1-S5]
where |g |e denotes that only the th particle at position r = (r , z ) is excited and all remaining N − 1 particles stay in the ground state. Furthermore, k 0 is the wave vector of the incident resonant photon and coefficient D (t, r ) is caused by the r -dependent and nonuniform environment. The complete collective polariton state is
with the initial condition
where |G denotes all particles are in the ground state. Moreover, |1 u and |0 denote the one photon Fock state of wave vector u and the vacuum state, respectively. The combined photon-particle system can be described by the Schrödinger equation
where the Hamiltonian is
Here, base on the experimental result given by R. V. Pound and G. A. Rebka [S6] , and also another one given by H. J. Hay et al. [S7] , the effect of relativistic time dilation can be treated as an additional energy shift
where the parameters α and Q are determined by gravity and the inhomogeneous speed assumed to be perpendicular to k 0 (see sections I and II, respectively). Additionally, a dynamical Stark or Zeeman shift term β(t) e · r j is applied [S8] along the direction of k 0 to fulfill the energy-momentum conservation (see section IV). Moreover, ( e ⊥ , e ) is the unit vector (perpendicular, parallel) to k 0 , and e ⊥ is parallel to the direction of gravity or that of rotor's radius in what follows. Also, k and ν k are the wave vector and the angular frequency, respectively, of the interacting photon. ( σ j + , σ j − ) are the particle (raising, lowering) operators at position r , and ( a † k , a k ) are the photon (creation, annihilation) operators for a specific k. |1 k and |0 denote the one photon Fock state of wave vector k and the vacuum state, respectively, and g k is the particle-field coupling rate. Furthermore, the energy of each particle's ground state and that of excited state are assumed to be zero and ω, respectively. In what follows, we derive the form of α, Q and the required β(t).
I. A FIXED SAMPLE IN THE EARTH'S GRAVITY
In general relativity, the time at infinity is related to the proper time by the line element of the Schwarzschild metric [S9, S10] . We use the Schwarzschild metric of a black hole here, because it is identical with the metric of the earth outside of the earth and has a simple analytic form. The line element of the Schwarzschild metric is
where F (r) is the Schwarzschild function
with the Schwarzschild radius of the black hole event horizon
and the gravitational constant G and the mass M . M can either be the mass of a black hole or, as in our case, the mass of the earth. At fixed radius r the proper time t and the time t at infinity are related by
Since the transition frequencies are inversely proportional to the infinitesimal time element one gets
One can then define two parameters
The time, with respect to which the system is described within this ansatz is the time at the asymptotic flat space-time, infinitely far away from the earth at which F (r) = 1. The parameter α accounts for the additional phase aquired by the superradiant crystal's finite radial position r E at earth surface, wereas the parameter Q accounts for an additional height dependent phase change caused by gravity within the crystal.
II. A ROTATING SAMPLE
A solid state sample is attached on a rotor with a rotating angular frequency Λ and a radius R. According to time dilation in special relativity:
where Λ is the angular frequency of the used rotor, c is the speed of light, R is the radius of the used rotor and R + r is radial position of th particle. ω and ω are the particle's transition angular frequencies in the rest frame of each particle and the lab frame, respectively. One could identify
Within the ansatz of this rotating system, the reference time is that of the non-rotating lab. The parameter α introduces a timedependent phase caused by special relativity of the rotating sample at radius R. The parameter Q accounts for the additional time-dilation, caused by the different velocity which each nucleus with distance R + r l has.
III. DEFLECTION OF INTERACTING PHOTONS
To investigate the dynamics of our system, the Weisskopf-Wigner theory [S11] with ∂ t |ψ = − i H|ψ is used [S5, S11] . We obtain the equation of motion for B u and D :
Since m 1|1 n = δ m n and e α |e β = δ αβ , substitute B u = b u e −iν u t and D = ηe
into Eq. (S15) and Eq. (S16). The total state vector becomes
With the assumptions of r R and constant Λ, Eq. (S15,S16,S17) become
Let k ∆ (t) = Qt e ⊥ + t 0 β(τ )dτ e , and then one could get
In Eq. (S19), the atomic summation (for large number density as in a solid-state sample)
is used, where V is the volume of the sample. Also, from Eq. (S19), we obtain
On substituting Eq. (S22) into Eq. (S20) and replacing the summation over u by an integral
where v is the photon volume, we obtain
Here
is the time dependent direction of scattered single photons, and P (t) = t 0 β(τ )dτ . Furthermore, the time dependent deflection angle φ(t) is
For k 0 Qt, one get the following formula for a small deflection angle
IV. ENERGY MOMENTUM CONSERVATION
Without the longitudinal action of P (t), the detuning c| k S (t)| − ω = c k 2 0 + Q 2 t 2 − ω will exceed the finite linewidth of each considered transition. Therefore the coherent remission may stop at some instant in time. To make coherent remission always happen during the coherence time of some considered system, one could apply a time dependent longitudinally gradient perturbation, e.g., Stark or Zeeman fields, along the incident k 0 -direction. Under the energy momentum conservation ν k S = ν k0 , i.e.,
one could find the required P (t)
and the β(t) = ∂ t P (t) is
Also, the deflection angle becomes
Furthermore,
for small angle deflection, i.e., k 0
Qt. In what follows, we present an example of using a rotating 229 Th:CaF 2 target. On substituting Λ = 2π × 70 kHz, R = 5 mm [S2] and c = 3 × 10 8 m/s, α and Q become
Considering 229 Th:CaF 2 with ω = 1.1564 × 10 16 Hz and coherence time τ coh = 1 ms, the transverse wave number Q × τ coh = 6214m −1 and the deflection angle is tan
Hz, which is larger than the 229 Th isomeric transition linewidth Γ of 0.1 kHz in a CaF 2 crystal, and the deflection angle of 3.2 × 10 −3 rad would not be observed. To make the bending superradiance appear, we apply an additional magnetic gradient field −Atz along the k 0 -direction such that an extra quantum phase evolution
, caused by Zeeman shift, will decrease wave number in the longitudinal direction:
Here µn = 2.538 × 10 7 Hz/T is the magnetic dipole moment of 229 Th. Considering Eq. (S32)
we get the following formula of A:
V. PHOTON COUNTS ON THE POSITION SENSITIVE DETECTOR A. For a narrow band excitation
To get the behavior of photon count on the position sensitive detector, one has to solve Eq. (S24), Let
and substitute Eq. (S24) and Eq. (S39) into Eq. (S40), we get
By making v = V since a single photon is absorbed by the whole ensemble and using
and the energy momentum conservation
which results in ∂ t ν k S = 0. The equation of motion of χ then reads
and initial conditions according to Eq. (S3, S38, S39)
We get
Here δ 3 k S (T ) − u does not make any time constrain on η(T ), but on u. Therefore Eq. (S49) becomes
where k S (t) = [k 0 − P (t)] e − tQ e ⊥ . Count numbers behavior is
i.e., at each (r, Θ) on the detector the count number I(t) is proportional to sin 2 √ N Ωt . Here R, h, D and Λ are the rotor radius, target height, distance between a target and a detector and rotating angular frequency of a rotor.
However, if the ensemble volume V is finite such that the atomic summation becomes [S5] 
Also, according to Eq. (S56) there is a finite divergence angle ∆φ of a remitted photon
Therefore together with the relativistic photon deflection, there will be a diffraction drag caused by the finite size effect on the detector. However, ∆φ would be negligible in hard x-ray region whose wavelength is shorter than 10 −10 m and much smaller than any size of an used sample.
B. For a broadband excitation
In above calculation, we demonstrate so-called cooperative spontaneous emission [S3] following the decay of the state |E excited by a single color photon of |1 k0 . Once the bandwidth of the incident photon is much larger than the linewidth of the interacting transition (this is the typical case for nuclear coherent scattering of x-ray [S2] ), the dispersion of the pulse propagation must be considered. To deal with such case for the perturbation region, in the field of nuclear coherent scattering [S2] a semiclassical approach, namely Optical-Bloch equation [S11] , is typically used
Here ρ 21 = C 1 C * 1 for a state vector of a two-level particle |ψ = C 1 (t)|1 + C 2 (t)|2 . By making ∂ t ρ 21 = 0, one could get the steady solution of Eq. (S59)
The field susceptibility is [S12]
where ℘, d and 0 are particle density, transition dipole moment and vacuum permittivity, respectively. By substituting the so called on-resonance cross section
into χ p , we get
and the index of refraction n p = 1 + χ p = n p + in p .
Deflection angle
To calculate the deflection angle, we invoke the well-known geometrical optics differential equation in vector form [S12, S13]
where ds = √ dr 2 + dz 2 and Υ = (r, z). The explicit form of Eq. (S65) is
where
Also, for a small deflection ds ≈ dz [S12] , and so from Eq. (S66) one could obtain
If n p ≈ 1, Eq. (S71) becomes [S12, S13]
where the maximum deflection angle is
This confirms Eq. (S27) when an optical depth ℘σL = 1 and t = 1/Γ, i.e., the maximum deflection angle within the coherence time of the interacting transition in an optical thin medium. On the other hand, Eq. (S73) shows that an optical thick medium will enhance the coherent deflection mechanism [S12, S13].
Count behavior on a position-sensitive detector
To calculate the photon count behavior of nuclear coherent scattering, one can solve Eq. (S59) together with the wave equation [S11, S14, S15]
where ∂ s ≈ ∂ z for a small deflection [S12] , and η = Γ℘σ 2 . Moreover, since the pulse duration of the incident x-ray is much shorter than the lifetime of the nuclear excited state, the following boundary and initial conditions of Ω p (t, z) can be used [S14, S15] 
The solution of Ω p (t, z) for Eq. (S59,S74) is [S14, S15]
where φ(t, z) = tan −1 ℘σz Q k0 t and J 1 is the Bessel function of first king of first order. Furthermore, s(t, z) is the length of the deflected x-ray trajectory at longitudinal position z in a crystal and reads
The photon count count registered by a detector is
VI. MINIMUM LENGTH SCALE FOR GRAVITATIONAL DEFLECTIONS
For finding out the minimum length scale for gravitational deflection of superradiance, one could invoke Eq. (S58) and φ g (τ coh ) > ∆φ, i.e., the maximum deflection angle is larger than the divergence in deflection measurements. By constraining ∆φ = φ g (τ coh )/10 and using Eq. (S58), one could get
Considering 109 Ag with φ g (τ coh ) = 1.1×10 −4 degree and k 0 = 4.46×10 11 m −1 , the minimum length scale
m.
VII. COMPARISON OF LIGHT DEFLECTION WITH RADIAL MOTION OF A PARTICLE IN CURVED SPACE-TIME OF GENERAL RELATIVITY
The light deflection angle of free propagating particles with the speed of light can be computed by making use of the solution
of the inverse radius u = 1/r [S16] . In this solution, the coordinates are implicitly choosen, such that the particle comes from ϕ ≈ 0 and goes to ϕ ≈ π. If the second term in (S80) of the gravitational perturbation was zero, the particle would come exactly from ϕ = 0 go exactly to ϕ = π, but a non-vanishing gravitational potential yields a slight deviation, from which the gravitational deflection is computed (see reference [S16] ). However, we are interested in the radial acceleration of the particle, when it is passing by the gravitational center and is nearest to it. In this case, the propagation direction of the particle is perpendicular to the radius vector, which happens at the point, at which ϕ = π/2. The radial acceleration is given by the doubled time-derivative of the radius r and can be related to the solution of u bẏ r = ∂ ∂t r = ∂ ∂t 
IX. POSSIBLE IMPLEMENTATION ISSUES
In x-ray scattering experiments, one could use so-called Bose-Hart geometry to achieve sub-µrad angular resolution for ultra small angle x-ray scattering (USAXS) [S17] . For using a rotating crystal, the wobble of a used rotor and the deformation of the crystal may affect the measurement of photon deflection. To discuss the wobble problem, we have checked the experimental data from nuclear lighthouse effect, see, e.g., Fig. 6 .6 of Ref. [S2] . The trajectory of the registered photons on the image plate shows a straight line with a resolution of at least 10 −4 rad, and so the wobble of a used rotor might be negligible comparing to some of our calculated deflection angles. As for the crystal deformation, we have also checked the experimental results of the original nuclear lighthouse paper [S18] . A nearly perfect mapping from a time spectrum to an angular spectrum (see Fig.  4 of [S18] ) suggests that a possible deformation of crystal causes no additional deflection of x-rays. Even if one assumes that the rotation of the crystal excites different photon modes, one could still perform a nuclear x-ray scattering experiment after all phonon excitations decayed, where the lifetime of phonons is typically much shorter than 1 second..
X. SUMMARY
• The time dependent deflection of superradiant emission caused by special and general relativity: this effect can be revealed by an inspection of the collective state |E = 1 √ N e i k S (t)· r |g |e .
The collective excitation is excited by one photon absorption with the wave vector k 0 , and emits a photon later in the direction of k S (t) = [k 0 − P (t)] e − tQ e ⊥ , where Q is induced by an inhomogeneous speed in a rotating system or by the Earth's gravity.
• According to Eq. (S73), the relativistic deflection may be enhanced when using an optically thick crystal [S1] .
• Collective oscillation: in free space the spontaneous decay behavior of a single excited particle can be derived from the Weisskopf-Wigner theory. With the same theory a large number of particles in the collective excitation state results in the collective oscillation described by Eq. (S51, S52) . The oscillation can be understood as the emitted photon being
